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Recursion formulae for the matrix elements of the Lorentzian term 1/(C®*+g¢?) as well as
1/(C*+g*) 2, on the basis of harmonic oscillator eigenfunctions, are obtained. A practical applica-
tion where these formulae would be useful is discussed.

1. Introduction

Recursion relations to obtain the matrix elements
of the Gaussian operator e #7" were given by sev-
eral authors!™%. But for the Lorentzian term
1/(C? + ¢?), Johns > has made the empirical obser-
vation that its matrix elements are obtained by
simply inverting the matrix of the operator (C2 + ¢?).
Recursion relations for a number of functions [not
including 1/(C?+¢?)] in terms of the eigenfunc-
tions v,; of a two-dimensional harmonic oscillator
were given by Ullan and Ferester 6. In this note, we
shall present a simple technique to generate the
matrix elements of the Lorentzian term in the repre-
sentation of the harmonic oscillator and discuss
one of its applications. These matrix elements are
useful in double minimum problems where the po-
tential function may be conveniently represented by
a perturbed harmonic oscillator with a Lorentzian
barrier

V(g) =3K¢*+Kp/(C+¢°) . (1)
K, Kg and C? are potential constants and ¢ is a
dimensionless coordinate. -

The (m,n)®™ matrix element of the operator
1/(C? + ¢?) is defined by
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n\ — Sﬂ’i(iq)}'n(@_d‘li
/ Crq
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H,(q)e TF. (3)
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where

1
'l/'[l(q) = (2""! 31/2) i/?

H,(q) is the n'™ Hermite polynomial? and ¢ is
related to the normal coordinate Q by

g=(")"2Q. (4)

7% is the scaling factor given by y°=4=a2c»/h
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and #? is the fundamental frequency of the unper-
turbed harmonic oscillator. The assumption that the
matrix of 1/(C*+ ¢®) is the inverse of the matrix
of (C2+ ¢?) rests on the following premise 3. Tak-
ing the matrix elements on both sides of the identity

2 gt 1 _
) gy -

n> =0mu. (5)

For a given m, j can only take the three values m,
mt 2, eventhough the summation, in principle, ex-
tends over a complete set of functions. Relation (5)
is strictly valid, if the complete set includes an in-
finite number of functions. Now assuming that any
arbitrary function of a double minimum potential
can be expressed as a linear combination of only
(N +1) harmonic oscillator functions, (which in
fact is the condition for the completeness of N +1
functions) we have

we have

: 1
|C2+ g2} <| i =
;(m\ ¢?|j)J g

AY
b= Z_Oan y'lz(q) . (6)
Thus Eq. (5) takes the approximate form
S (m| et

7
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The fact that the matrix of 1/(C? + ¢?) is the inverse

of the matrix of (C®>+¢?) is valid to the same
extent that relation (7) is valid.

2. Method

To obtain the required recursion relation, we
note initially that since ¢ commutes with any func-
tion of ¢ we have the commutation relation

1
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The only non-zero matrix elements of g being
(n|g|nEtl)=(n+3L3)12/212 9)

we see that the (m,n)'™ matrix element of the com-
mutator in (8) yields

+§:- [Linns1(ntl I ql")

—(m|g|m£1)Ly.1,,]1=0. (10)

The summation in the above includes terms with
+ and — signs. This reduces to the recursion for-
mula
(m+ 1)1/2 Lm+1,n+m'1/2 Lm—l,n

= (n+ 1)1/2 Lm,n+1 + nl/? Lm,n—l (11)
when relations (9) are used in (10). Replacing
(m+1) by m in the above, we have

n+l 1/2
Lm,nz( ) Lm—l,n+1

m

1/2 _ 1/2
() tnsaes= ("2 s (12

m

During evaluation of the elements L, , from (12),
matrix elements with negative subscripts are set to
zero. Since the matrix L is symmetric, it is only
necessary to obtain the elements L, , for, say,
n 2= m. We also note from (2) that L,,,+0, only
when the integrand is an even function of ¢, i.e.
m+n is even.
From the recurrence relation (12), it is now ob-
vious that when the elements Ly, in the first row of
L are known, the rest of the elements can be gener-
ated row by row. In obtaining the values L, , we
make use of the following standard integrals °.
1-3:5...(2n-1)
on+1 o

Jarerdg- 12, (13)

1/(Ct+ ) = fe=t@ D a, (14)
0
[e®Tdg=nl2/2a, (15)
0
(2/n172) j,fe‘q2 dg=erf(z); (16)
0

erf () is an error function of z.

The first row elements L;, of the matrix L are
given by
1 SH"(,q)f_qde

(2"'n!77.’lﬁ)> 12 Ct+ ¢

LO,n =

(17)

Ch. V. S. Ramachandra Rao - Matrix Elements of the Lorentzian Term

H, (q) is given by the series &
-1
Hi(g) = 297 - "= 2 gpn-2

+ n(n—l) (n2_'2) ("'—3) (2 Q)"—4—--

(18)

Since n is even, the above expansion has (3n+1)
terms and it is only necessary for our purpose to
know how to evaluate

oo

_(g"e”dg
In—g 1 g (n even) (19)
= —Cls+ [ 2e T dg (20)
1:3:5...(n—3)
=—C1I, o+ o@E-1) ali2, (21)

This result follows from (13) and is valid for n=
4,6... Ly, is now given by

1 . n(n—-1)
fan= gy 2 " 2 s 22
n n(n——l)(i£;2)(”'_3) el DT

To initiate the process of recursion, we now need
to know [ and 1, . I is given by
e T dgq
Fgme |,
C*+q

- 00

(23)

Replicing 1/(C?+¢?) in the above by the integral
on the right-side of (14), we have *

ﬁ—C’t dt
(1 +t)1/2 :

[0: 76—0% dlf\)e—(lu)q! dg :n1/2g
0 — o0

(24)
0

This result follows when we make use of (15). Now

setting ¥ = (1412 in (24), we have

Ip=2a12¢0 [e-CV dy
1
c© 1
=270 [[e-CV dy — [ e~V dy]
0 0

mif2 1 o
2C E’S ¢ d‘r}
0
= (#e®/C) [1 —erf(C)] (25)

where use is made of (15) and (16). The error
function in (25) is usually available as a built-in
computer library routine similar to sin(z), e’ etc.

=10 71/2 ec= [

* 1 thank Dr. J.D. Talman for suggesting this important
step.
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Its evaluation, even otherwise, is simple. It can be
obtained to the desired accuracy from
.

3 5 7
2<C C Cc C

et(C) = 5 3 52! 73!

(26)
I, is given by
I _S g*e " dg
2™ C?+q°
= e Cdg—-Cl;=nl2_(C?],. (27)

Thus to obtain the required matrix elements in (2):
(i) first evaluate I, and then I, from (25) and
(27) respectively, (ii) generate all the values of I,
(n even) from (21), (iii) evaluate the (3n+1)
terms in (22) to obtain L, for a given n, (iv) cal-
culate all the elements Ly, in the first row of the
matrix L in (2) (alternate ones are zero) and (v)
using the recursion formula (12) generate all the
elements L,,, (n = m) of L in the second and suc-
cessive rows.

The elements in the second row of L correspond-
ing to m =1 cannot be obtained directly from (12).
But by noting that L_;,,, =0, we see that they can
be generated from

Ll,n= (n+1)1/2L0,n+1+n1/2L0,n—1- (28)
It may also be noted that to evaluate the (N+1)
elements in the last row, we need to obtain (2N +1)

elements in the first row, 2 NV elements in the second
row and so on (see figure below)

(N+1) N

{N+1)

3. Matrix Elements of 1/C? + q3)?

Sometimes it becomes necessary to evaluate the
matrix elements

Igs= <m

oo

N :S ACIACILY]
7 (C2+¢?)2
(29)

— L
(C2 + q2) 2
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This can easily be accomplished by expressing L,
in terms of I, . Denoting J, by

T " e Tdg

n= 2 N2 3
J R IE (30)
we have
" 1 n(n—1)
2 __ = |ony _ S\ 7 9n-2 5
Lo (2" n! 7)1 2" 1 2T 28D
+n(n—1)(n—2)(n—3) Py S

21

Expressing —2 ¢q/(C?+¢®)? as the derivative of
1/(C?+ g¢?), integrating (30) by parts and rear-
ranging the terms, we can obtain J, as

]n=%(n—1)1n—2_1n-
Formulae (21), (32) and (31) together with (12)

and (28) enable us to evaluate the elements L{3),.
In (12) and (28), L, , has of course to be replaced

by L,

(32)

4. Application

Let us consider the one-dimensional Schrodinger’s
equation H(q) ¥ =E ¥ with the Hamiltonian

H(q) =3h " [p*+K ¢*+Kp/(C*+4¢*)]. (33)

The potential function in H is a harmonic oscillator
perturbed by a Lorentzian barrier with constants
K, Kp and C2 p is the momentum conjugate to the
dimensionless coordinate ¢ and »° is the scaling
factor with the dimensions of ecm™!. The matrix
elements of (33) are usually set up using the eigen-
functions v, (q) of H*=2h»® (p*>+ ¢?) as the basis
functions and the solutions of the Schrodinger’s
equation are obtained by diagonalizing the resulting
Hamiltonian matrix. But in the case of the above
one-dimensional problem, it is strictly not necessary
to employ this procedure. A much simpler and more
elegant numerical integration technique by Cooley 1
can be adopted. But when it is required to calculate
the energy levels of a two-dimensional Schrodinger’s
equation with a Hamiltonian 12

H(qy, g2) =3 h 7" (p® + Ky ¢1%)
+3hv? [ps® + Ky ¢5° + K/ (C* + ¢57)]
+3h (17" 2 K15 f(g15 92) » (34)
it is necessary and convenient to set up the Hamil-

tonian matrix using the products of functions y,, X
Y, as the basis and diagonalize it.
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In the above, merely for illustration, functions of
q; and g, are taken to represent single and double
minimum potentials respectively. »; and », are the
frequencies of the two modes with the corresponding
harmonic force constants K; and K,. K5 f(qy, g»)
is an interaction term which allows for a possible
coupling between the two modes. ¢, and ¢, are the
dimensionless coordinates with the corresponding
momenta p, and p,. ¥, and »,° are the scaling fac-
tors. vy, (q;) and v, (g,) are the eigenfunctions of
two l-dimensional harmonic oscillators, with the
associated quantum numbers v; and v,, satisfying
Hiﬂ Yei= E,‘o Yoi where

H?=3hv?(p?+qd) (35)

In setting up the matrix elements of the Lorentzian
term in (34), the recursion formula given by (12)
would be useful. The matrix elements of the rest of
the terms in the Hamiltonian (34) are known and
are readily available?. If we take n; basis functions
in ¢; and n, functions in ¢, , the number of product
functions |v;)-|v,) will be n; xny. But as far as
the Lorentzian term is concerned, since the resulting
matrix is symmetric, we need to evaluate only
ny(ny+1)/2 elements of (v, |1/(C2 + ¢,2)|v,). The
elements of this matrix are then distributed ap-
propirately in the larger (nqn,xn,n,) matrix.

We shall now see a pertinent case where matrix
elements of the term 1/(C? + ¢2)2 would be required
[see formula (29)].

(i=1,2).

5. Refinement of Force Constants

The five constants K;, K,, Kg, C? and K, in
(34) are usually adjusted so that the calculated val-
ues of the transition frequencies 7,,,[ = (E,, — E,)/k]
give a least-squares fit with the observed values 1.
The first order corrections AK to the five force con-
stants are obtained from

AK=(JWIH= I W A, (36)
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where 47 is a column vector of differences between
the observed and the calculated frequencies. / is the
Jacobian matrix and W is the diagonal weight
matrix. They are defined by

4K =K,—K,_y, Ay = yobs _ yeal
],~,—=3v,~/aKj and w”=1/6i2.

2

(37)

K, is the force constant vector obtained in the nt?
cycle of the least squares procedure and J; is the
experimental uncertainty of the i® observed fre-
quency. The elements of J are given as follows:

a”nm

78_1{1_ == [Z' V{qu} L]mm == [I: V{qi2} L]nn s

av,,m _ = 1 = 1 *} ]
aKB B [L V{Cg + 922}4:":,; [L d {C2 + q22 5 .

(38)

(39)
um _[7 _;KB__> ]
3 [L { (PR o BT
17  —Ky
i { e ttl.
and
,,a v'lmn i V{ } L
aKm = [ . f(ql’ q-’) ]mm
- [LV{f(ql’ ql)} L]nn- (41)

Here V'{X} is the matrix representation of the term
X [see (34)], L is the eigenvector matrix of H and
~ represents transpose. Expression (39) involves
only the matrix elements of the Lorentzian term
1/(C? + ¢5*) whereas (40) involves the matrix rep-
resentation of 1/(C? + ¢,%)2. It is during the evalua-
tion of (40), that we require the use of special
formulae (29) — (32).
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